6j-SYMBOLS, HYPERBOLIC STRUCTURES AND THE VOLUME 

CONJECTURE 
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Abstract. We compute the asymptotical growth rate of a large family of Uq{sl2) 6j-symbols and 
we interpret our results in geometric terms by relating them to volumes of hyperbolic truncated 
tetrahedra. We address a question which is strictly related with S.Gukov's generalized volume 
conjecture and deals with the case of hyperbolic links in connected sums of 5^ X 5^ . We answer 
this question for the infinite family of fundamental shadow links. 



The study of Gj-symbols of Uq{sl2) plays a central role in mathematical physics (for the study 
of scattering of particles), in algebra (for the study of representation theory of Uq{sl2)), in 3- 
dimensional geometry (for the computation of volumes of tetrahedra in curved spaces), and in 
quantum topology (for the computation of quantum invariants). For our purposes, we will define a 
Gj-symbol as an explicit rational function of the variable q which is parametrized by 6 half-integer 
numbers. The present paper is devoted to give a partial answer to the following question (see 
Definition 13.11 for the definition of "admissible" 6-tuple): 

Question 1.1 (Asymptotical behavior of 6j-symbols). Given 9 S and a sequence 6" = 
(6q , 6", 62 , ^3 , 64 , 65 ) € N^, n e N (or, more in general of admissible 6-tuples of half integers) 
such that lim„^oo — = Oi- What is the asymptotical behavior of the lowest order term of the 
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Laurent series expansion around q ~ Exp{ '^^^^ ^ ) of 
when 71 — > oo ? 

An answer to Question 11.11 has been provided by Y.Taylor and C.Woodward ([H]) in the case 
when 9 satisfies a set compatibility conditions we called "Reshetikhin-Turaev" conditions. Their 
result shows that, in this case, the asymptotical behavior is governed by the geometry of a spherical 
tetrahedron whose edge lengths are proportional to the entries of 9 and so, in particular, not by 
an hyperbolic object. 

In the present paper we study a completely disjoint set of cases: we define different compatibility 
conditions (see Definition [321) identifying a set of 9's which we called hyperbolic and study Question 
11.11 for this set. The 9's we consider are such that there exists a unique hyperbolic hyperideal 
tetrahedron whose internal dihedral angles are ai = \2Tr{9i — Recall that Murakamy and 
Yano (|20|) provided a symmetric, real analytic formula for the volume of a proper (i.e. entirely 
contained in H"^) hyperbolic tetrahedron; later A. Ushijima ([27 ) proved that if one applies the 
same formula to the set of angles of an hyperideal hyperbolic tetrahedron, one gets the volume of 
the truncation of tetrahedron by means of geodesic planes orthogonal to its faces. The following 
(Theorem 13.91 below) gives an answer to a question asked by Taylor and Woodward (Question c, 

my- 

Theorem 1.2. Let 9&M.\ be a hyperbolic 6-tuple, and let 6" = 6^^, b'^, 6^, b'^) e f ®, n e N 
be a sequence of admissible 6-tuples of half integers such that lim„^oo ~t — ^i- H holds: 

\im-Logi\evM '° '\ ) \) ^ 2Vol{T{a)) 

where Vol is the hyperbolic volume and T{a) is the hyperbolic truncated tetrahedron whose dihedral 
angles are ai — \2TT{9i-\)\ and by ev„ we denote the evaluation as explained later in the notation. 

The main application of the above result is related to a question strictly related with the Volume 
Conjecture. 

Conjecture 1.3 (Kashaev [TT], Murakamy-Murakamy [H]). Let L be a link in , and J^{q) its 
n*^ -Jones polynomial normalized so that J,'j (unknot) = l,Vn > 2. The following holds: 

lim —Log{\j:,{e'^)\)=Vol{S'\L) 

n — >oo 71 

Before stating our question, let us recall some facts about the conjecture. The VC in the above 
form has been formally checked for the Figure Eight knot (QS]), the Borromean link, for torus 
knots ([13], [18]), their Whitehead doubles (^29^) and for the family of "Whitehead chains" ([28)). 
Moreover, there is experimental evidence of its validity for the knots 63, 89 and 820 (|19j). 

More recently, Baseilhac and Benedetti ([1], [2], [3]) formulated different instances of general 
Volume Conjectures in the framework of their "quantum hyperbolic field theory" (QHFT); however, 
Kashaev's VC is not a specialization of such QHFT Volume Conjectures. 

In [5] , we proposed an "extension" of the VC to include the case of links in or in connected 
sums of copies of x S^: we defined colored Jones invariants taking values in the ring of rational 
functions for links in these more general ambient manifolds and proved the conjecture for the infinite 
family of "fundamental shadow links" (called universal hyperbolic links in the paper). These links 
were already studied in ^ because of their remarkable geometric properties. We stress that, in 
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the case of links in S'^, our colored Jones invariants reduce to colored Jones polynomials and our 
extension of the Volume Conjecture reduces to Kashaev-Murakamy-Murakamy's conjecture. 

In [T^, S. Gukov proposed a generalization of the VC for the case of knots in to include 
evaluations of in points near (see Section |4] for a precise statement). Gukov's Conjecture 
was proved only for the Figure Eight knot and for all torus knots (see pi]). In the present paper, 
we address the following question which is related to a possible extension of Gukov's conjecture 
for hyperbolic hnks in = #fc <S'^ x S^>. 

Question 1.4. Is it true that there exists a neighborhood U ofOdW such that for each a e C/nM'" 
and for each sequence 6" G N'', such that lim„^oo 77 = ^-5^, the following holds? 

lim ^Log(|ev„(Jj„)|) = VoliiN \ L)a) 

n^oo fi 

In the above expression, Jj^„ is the colored Jones invariants of L associated to the coloring 6" of L, 
1 G MJ~ is the vector whose entries are all 1, (N \ L)a is the hyperbolic structure whose holonomy 
around the meridian of Li is a matrix conjugated to an upper triangular matrix whose eigenvalues 
are e^'^*°' . 

I am indebted with by Stavros Garoufalidis who pointed out to me that the answer to the above 
question is "no" if L is a knot in (see Section |4] for more details on this). On contrast, when 
the ambient manifold N is not , we shall exhibit infinitely many examples where the answer is 
positive. To do this, in Section [2] we will recall the definition of the fundamental shadow links and 
prove a decomposition result for the hyperbolic structures on their complements fProposition l2.8p . 
Then we will prove the following (Theorem |4]8]) : 

Theorem 1.5. The answer to Question \1.4\ is "yes" for the infinite family of fundamental shadow 
links. 

Acknovirledgments. I wish to warmly thank Stephane Baseilhac, Riccardo Benedetti, Dy- 
lan Thurston and Vladimir Turaev for the helpful critics and suggestions they provided to me. 
During the development of the present research, I was supported by a Marie-Curie Intraeuropean 
Fellowship at IRMA (Strasbourg). I also benefited of a research period at Institut Fourier de 
Grenoble funded by ANR. I am indebted with Stavros Garoufalidis who, through his comments 
and suggestions, helped me to correct and improve the previous version of this paper. 

Notation. All the dihedral angles will be internal unless explicitly stated the contrary. If 
/ : C ^ C U {00} is a meromorphic function, the evaluation of f at x G C, denoted ev^if), is the 
leading coefficient of the Laurent series expansion of / at x. We will denote evn{f) the evaluation 
of / at Qn — e^ . Note that if / and g are meromorphic functions then ev^ifg) = evz{f)evz{g) 
regardless the presence of poles or zeros at z. 

2. Truncated tetrahedra and fundamental shadow links 

In this section we recall the definition of truncated tetrahedra and a result classifying them 
up to isometry. Then we define fundamental shadow links and show how to decompose their 
complements by means of truncated tetrahedra. 

2.1. Truncated tetrahedra and ZJ-blocks. Let Hi,... 114 be half spaces in H'^ having non- 
empty intersection and, through the embedding of the Klein model in KP'', let Hi be the hyperplane 
delimiting U,. Let us suppose that nH.nllj ^ 0, Wi ^ j and that Vt = H^fMIjfMIk S RP^ 
for all distinct i,j,k,t g {1,2,3,4}. Let also Ki be hyperplanes in such that Ki intersects 
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Figure 1. 



Hj,Ht,Hk orthogonally for all distinct i,j,k,t E {1,2,3,4} (one can check that Ki indeed exists 
using the hyperboloid model for H^) and let us suppose that M'^ O KiO Kj = 0,Vi 7^ j. 

Definition 2.1. An hyperbolic truncated tetrahedron is the compact polyhedron in H'^ bounded 
by iJi, U . . . U H4 U Ki, U . . . U K4. The faces of the truncated tetrahedron T are the hyperbolic 
polygons T n Hi, i = 1, ... 4, its truncation faces are the hyperbolic triangles T n Ki, i — I ... A, 
its egdes Cij are the geodesic arcs T f] Hif] Hj , ^ f and its angles aij are the internal dihedral 
angles between Hi and Hj for all distinct i and j. As limit cases, we allow faces Hi and Hj to be 
tangent in a point in dM^: in this case T is not compact (it has some ideal vertex), the edge eij is 
just the point at infinity Hi D Hj and has length and the dihedral angle is 0. 

Example 2.2. The most remarkable example is when all the dihedral angles are 0: in that case T 
is a regular ideal octahedron and all the faces and truncation faces are ideal triangles intersecting 
orthogonally. 

In the following we will use the following parametrization by dihedral angles of truncated tetra- 
hedra (see for instance Theorem 2.2 of [8]): 

Theorem 2.3. A truncated tetrahedron with dihedral angles given by the entries of a G [0,7r)^ 
exists and is unique up to isometry in iff for each truncation face the sum of the dihedral angles 
on the three edges touching the face is less than n. 

Definition 2.4 (D-blocks). Let T(a) be a truncated tetrahedron with dihedral angles a € [0,7r)^. 
If w S [0, 2tt)^ we call the £)-block D{u) the hyperbolic 3-manifold obtained by gluing two copies 
T+(|-) and T~(^) of T{^) oriented differently through the identity map on their faces. 

When u e (0, 2tt)^, D(u) is topologically S^\AB^ with an hyperbolic structure having cone angle 
singularities around the arcs dotted in Figure [T] The total angle around the arc corresponding to 
the edge Cij of r(^) is the corresponding component of u. When some component of u is 0, the 
hyperbolic structure on \ AB^ has an annular cusp around the corresponding arc. 

In any case dD{u) is the union of 4 totally geodesic spheres Si, i = 1, . . .4 (round in Figure 
[TJ each formed by the two truncation faces and respectively of T^{d) and T^{d), where 
a = ^. Each Si has 3 cone- angle singularities of total angle 2a jk, 2a jt, 2atk where i,j,k and t are 
distinct and a cone-angle singularity is a cusp. 
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Figure 2. 



2.2. Murakamy-Yano's formula. Let T{a) be an hyperbolic (proper or truncated) tetrahedron 
whose dihedral angles are the entries of a S [0, tt)^ with and ai+3 corresponding to opposite 
angles for i € {0, 1, 2}. Let Ai = Exp{\/—lai) and let 

U{z,T) = ^{Li2{z)+Li2{zAoAiA3A4) +Li2{zAoA2A3A5)+Li2{zA2AiA5A4)- 
-Li2{-zAoAiA2yLi2{~zAoAiAz)~Li2{-zA3AiA^)-Li2{-zAoA^A2)) 

where Li2{z) = — ^°9{^-t) j^^^ ^^ic two non-trivial solutions to the equation: 

(1) ^U{z,T)='^^^k keZ 

az z 

It turns out that whenever T(d) is hyperbolic (proper or truncated) then the norms of z± arc 1 
(see the proof of the Lemma in Section 1.1 of 21j). Let us call in what follows z+ (z_) the solution 
with positive (negative) imaginary part. Let moreover be: 

A(a, b, c) = -i(Li2(-afoc"^) + Li2[-hca^^) + Li2{~acb^^) + Li2{-a^^b^^c^^) 
+ {Log a)^ + {Log bf + [Log cf) 
A{T) = A{Ao, Ai,A2) + A{Ao, A^, A^) + A(A3, Ai, Ag) + A{A3,Ai, A2) 

+ — {Log Aq Log A3 + Log Ai Log A4 + Log A2 Log A^) 

(2) V{T) = ^(C/(z_,T) - U{z+,T) + Log{z+)z+^^^^U=^^ Log{z^)z J^^-^f \ ^=^^) 
Theorem 2.5 (Murakamy-Yano [21], Ushijima [27 ). 

(3) Vol{T{a)) = Im{U{z+, T) + A(r)) = -Im{U{z^,T) + A(T)) = -V{T) 

A very nice geometric interpretation of the above formula has been provided by P. Doyle and 
G. Leibon (^, see also Y. Mohanty's paper [.15J. 
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2.3. Fundamental shadow links. 

Definition 2.6. A fundamental shadow link is a link L admitting a surgery presentation obtained 
as follows (see Figure [5]): 

(1) Consider a planar diagram of a 4-valent graph G embedded in K."^, and T be a maximal 
subtree of G; 

(2) Replace each vertex of G by a diagram composed of six strands as shown in Figure [2] and 
each edge by a 3-braid; 

(3) Encircle each braid corresponding to an edge of G \ T by 0- framed meridians (in the figure 
T = 0). 

The number of vertices of G is called the shadow- complexity of L and is denoted sc{L). 

The following summarizes the properties of fundamental shadow links: 

Theorem 2.7 (F.C. & D.P. Thurston, _6 ). Let L he a fundamental shadow link obtained from a 
graph G containing g vertices. Then: 

(1) L is contained in N = #(gr + 1) <S'2 x S'^>; 

(2) N\L can he decomposed into the union of g copies of D{0, 0,0, 0,0, 0)-blocks (in one-to 
one correspondence with the vertices of G) glued to each other along their boundary spheres 
and hence, in particular, its volume is 2gVoloct, where Voloct is the hyperbolic volume of 
a regular ideal octahedron; 

(3) Each pair [M, L') where M is a closed 3-manifold and L' is a link in M , can be obtained 
by an integer Dehn filling on some components of a suitable fundamental shadow link L; 

(4) In the preceding point, if M \ L' is hyperbolic with volume V , then one can find L so that 
hV < sc{L) < kV^ where h and k are two constants not depending on the data. 

Let from now on L = Li U . . . U be a fundamental shadow link associated to a graph G with g 
vertices and let us color the components of L with non- negative real numbers a^; let moreover rui 
be the meridian of Li oriented arbitrarily. Let Wi, . . .Wg be the vertices of G and for each Wi let 
aj{i),j — . . .5 be the colors associated to the 6 strands of L passing through Wi disposed so that 
aj{i) and 0^+3(1) (mod 6) correspond to opposite strands. Let us denote {N \ L)a the (possibly 
non-complete) hyperbolic 3-manifold obtained by equipping N \ L with the hyperbolic structure 
such that, for each i = 1, . . .r, the holonomy of mi is conjugated to an upper triangular matrix 
whose eigenvalues are e^'^'"'. The following is a generalization of points 2) and 3) of Theorem 12. 71 

Proposition 2.8. There exists a neighborhood [/ 0/ G W such that for each a E U the metric 
completion of (N\L)a can be decomposed into g D-blocks Di, . . . Dg glued to each other along their 
boundary spheres and where each Dg is 

Ds = L'(2^|ao(s)|, 27r|ai(s)|, 27r|a2(s)|, 2^|a3(s)|, 27r|a4(s)|, 27r|a5(s)|) 

Proof of 2.8. If one equips Dg with the structure of the thesis, when gluing two different _D-blocks 
along their boundary spheres according to the combinatorial structure of G and L, the blocks 
geometrically match up correctly because their boundaries are geodesic spheres having the same 
cone angle singularities around their 3 intersections with L. This way one builds an hyperbolic 
structure on N having cone angle singularities around the i*'' component of L whose total angle is 
2'!Tai. It is well known (see for instance [241 ) that one obtains a structure having the same property 
by completing the hyperbolic structure of (TV \ L)^ . By Mostow Rigidity the two structures are 
isometric. 2.8 
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3. The asymptotics of 6j-SYMBOLS 

In this section we recall the definition of 6j-symbols of the standard representation theory of 
Uq{sl2{'C)). After reviewing the main known results on the asymptotical behavior of these objects, 
we compute the asymptotical growth rate of the family of "hyperbolic" 6j-symbols and identify it 
as the volume of suitable hyperbolic truncated tetrahedra. 

3.1. Quantum objects. Let g' be a complex variable and, for each n € N let: 

M = (-v^)(g*-9-*) 

{n}i = n 

l<i<n 



N! = n W' [0]' = [1]' = 1 



l<i<n 

Definition 3.1. We say that a triple {bo,bi,b2) of elements of ^ is admissible if the following 
conditions are satisfied: 

(1) \bo + foil > b2, \bo + 62I > bi, \bi + 62I > bo; 

(2) 60 + foi + &2 e N. 

A 6-tuplc (&o, foi, ^2, ^3, ^4, ^5) e is admissible if each of the 3-tuples (601^1,^2), {bo,b4,b5), 

(63,61,65) and (63,64,62) is admissible. 

For each admissible triple of elements of 5 let 



A(6o,6i,62) = 



'[60 + 61 - 62]! [60 + 62 - 61]! [61 + 62 - 60]! 



[60 + 61 + 62 + 1] 
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For each admissible 6-tuple (60, 61, 62, 63, 64, 65) G , let To = 60 + 61 + 62, Ti = 60 + 64 + 65, 



'-2 



63 + 61 + 65, 13 = 63 + 64 + 62, (51 = 60 + 63 + 61 + 64, (52 = 60 + 63 + 62 + 65 and Q3 = 61 + 64 + 62 + 65; 
then, we define its 6 j -symbol as follows: 

'60 61 62' 



63 64 65 



A(6o, 61, 62)A(6o, 64, 65)A(63, 61, 65)A(63, 64, 62)x 



To]\[z- mz- T2]\[z- n]\[Q, -z]\[Q2 -z]\[Qs -z]\ 

where z ranges over the integers such that all the arguments of the quantum factorials are non- 
negative. Remark that the above functions are holomorphic in ■ infact they arc "almost" rational 
functions of (they are not because of the square root in A{i,j, k)). Hence one can look at their 
Laurent series expansion around each point of C. 

Definition 3.2. Let 6 be an element of [0, 1]®. 

(1) We say that 6 is R-admissible if each of the following the 3-tuples 

(^0, ^1, ^2), (^0, 04, 65), {63, 62, 65), {63, 64, 62) 
satisfies inequality 9i + 9j > 9k and those obtained by permuting indices. 

(2) We say that 9 is of type Reshetikhin-Turaev if it is M-admissible and for each of the 4 
M-admissible 3-tuples {9i, 9j,9k) the following is true: 
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• 6*4 < i, Vi; 

• 6, + 6j+^6k < 1. 

(3) We say that is of hyperbolic type if it is R-admissible and, for each of the 4 R-admissible 
3-tuples {di,9j,9k) it holds: 

• l<e, + 9j+ Ok < 2; 

• < 9i + dj — 9f; < 1, and the same holds for each permutation of the indices. 
Remark 3.3. If 9 is of hyperbolic-type then it cannot be Reshetikhin-Turaev and vice-versa. 

By multiplying an admissible 3-tuple by a factor r > 2 G N and taking its integer part, one 
gets an admissible 3-tuple for the level r Reshetikhin-Turaev invariants. On contrast, admissible 
3-tuples of hyperbolic type appear while computing through shadow state-sums the colored Jones 
invariants of links (see Subsection 14.11 for more details). 

In what follows we will be interested in Question ll.il For instance, if 9 is of Reshetikhin-Turaev 
type, then for each n G N the 6j-symbol corresponding to n9 has no poles in g = Exp(^^^^^^) and 
hence the zeroth order is the first one to be computed. Let 9 be of Reshetikhin-Turaev type and 
let fe" = (6q , 6", 62 , ^3 , 6" , 65 ), 71 e N be a sequence of admissible 6-tuples of half integers such that 
lim„^oo — (^i'- 

Theorem 3.4 (Taylor and Woodward. [26] ) . Let T{9) he the spherical tetrahedron whose edge 
lengths are 2TT9i, i = . . .5. There exists a family of continuous functions fn defined on the space 
of isometry classes of non-degenerate spherical tetrahedra such that the following holds: 

( 6" 6" 6" \ 

V 4 / '9=S^P(2^) ^ 

where g ^ h means that lim„^oo \g ^ h\ = point-wise. 

Remark 3.5. We stated Taylor and Woodward's result in a very simplified way and not in its 
full generality: we strongly recommend the interested reader to refer to their original paper for a 
detailed statement. 

It is worth remarking that a similar result for the asymptotical behavior of classical 6j-symbols 
and euclidean tetrahedra has been proved by J. Roberts ([23J) using completely different techniques. 

Let us contrast Theorem 13.91 with 13.41 in 13.41 9 is assumed to be of Reshetikhin-Turaev type 
whilst in 13.91 of hyperbolic type. In 13.41 the leading order of the 6j-symbol associated to 6* is and 
the asymptotical behavior is oscillating, whilst in 13. 91 the leading order is —1 and the asymptotical 
behavior is exponential. In l3.4l is associated to the edge lengths of a spherical tetrahedron whilst 
in 13.91 to the dihedral angles of a hyperbolic truncated tetrahedron. Finally, as we shall briefly 
explain in Subsection 14. li the 6j as in 13.41 appear while computing Reshetikhin-Turaev invariants 
through shadow state-sums, whilst those of 13. 91 while computing the Kashaev invariants. 

3.2. The asymptotic behavior in the hyperbolic case. Let us start by first recalling some 
classical results and definitions. For each a; g R let us define the Lobatchevskji function A(x) = 
— Jq Log{\2sin{s)\)ds; A{x) is analytic out of {vrfc, fc G Z} and 7r-periodic. The Lobatchevskji 
function is crucial to compute the volume of an ideal hyperbolic tetrahedron: 

Theorem 3.6 (Milnor, [14^). Let T be an ideal hyperbolic tetrahedron having moduli zq,Zi,Z2- 
Then Vol{T) = K{arg{zo)) + K{arg{zi)) + A{arg{z2)). 
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The following lemma is the first contact point between hyperbolic geometry and quantum topol- 
ogy: roughly speaking it states that the "asymptotical behavior of quantum factorials is controlled 
by the function A" . 

Lemma 3.7. Let a e [0, 1] and 6", n G N be a sequence such that lim„^co 77 = The following 
holds: 

lim --Log\eVn{b'^y-\ = A{na) 

71 — !-00 Jl 

lim --Log|ew„((-l)''"{n + &"}!)! = A(7ra) 

Proof of 3.7. The first statement was proved by Garoufalidis and Le ([9], Proposition 8.2). The 
latter equality is a consequence of the former. Indeed, let us first note that 

lim Log[eVn\n + b |!j = hm LogyeVn p — ^ ) 

n— ►00 n n^oc n {n\ 

Moreover, evn{n + j) — ~ei;„(j),Vj < n and so the above limit equals: 



hm —Log{{-lf et;„({n-l}!)et;„({6"}!)) 



n 



Then, we apply the first equality both to {n — 1}! and to {6"}! and we conclude since A(a;) is 
TT-periodic and A(0) = A(7r) = 0. | 3.7 | 

The following result gives a first taste of how the asymptotical behavior of quantum objects is 
related to geometrical ones. Let (6*0, 9i, 62) E [0, 1]"^ be an admissible triple satisfying the condition 
of point 3) of Definition 13.11 and, without loss of generality, let us suppose 9o < 61 < 62', let also 



(60 1 ^1 : ^2)1 JT- G N be a sequence of admissible 3-tuples of half integers such that lim„^oo = ^i- 

Proposition 3.8. For sufficiently large n G N the function (A(6q , 6", 63 ))'^ has a pole of order 1 
in q = Exp{^^^-^^). Moreover, it holds: 

lim —Log{\eVn{[n]A''{¥^,b^,b'^)\) = 2i;(f?o, ^i, ^2) 
Where v{9q, 61^62) is given by: 

viOo, 61,02) = A(^(0o + O1+ 62)) - A(^(0o + 01 - 62)) - A(^(0o + O2- Oi)) - A(^(0i +02- 9o)) 

Proof of 3.8. For n large enough, the 3-tuple b" = (fep 1^11^2) admissible and ^ satisfies 
condition 3) of Definition 13.11 So, for n large enough, all the three factors in the numerator of 
A^(6q,6",62) are quantum factorials whose argument is strictly less than n and their evaluation 
in g = Exp{ '^^^^^ ) is non zero, hi contrast, for n large enough, the denominator is a quantum 
factorial whose argument is in the interval (71, 2n) and hence is a polynomial in q having a root of 
multiplicity 1 in g„ = Exp{ ^^^^^ )- 

Consequently, the function [7i]A^(5q , 5", 62) has no poles in qn'- we will now calculate the asymp- 
totical behavior of its evaluation there when n — > 00. First of all let us note the following: 

MA^(h- - r„i {bp + - mm + b^~ + &2 - KV- 

[n\A (60,61,62) -in) {6S + 6'/ + 65-f 1}! ' 

Now evaluating the r.h.s. in q„ and applying Lemma 13.71 once per each factor in the numerator 
and once for the denominator divided by {n}, we get the thesis. 
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We are now ready to calculate the full asymptotics of hyperbolic type Gj-symbol. For this, let 
us fix some notation: let 9 E [0, 1]® be a 6-tuple of hyperbolic type. Let the "squares" of 6 be 
Qi = 7r(6lo + 91+03 + 04), Q2 = 7^(00 + 03 + 02 + 05), Qs = t^{0i +04 + 02 + 05) and the "triangles" 
of 0he To = n{0o + 0i+ ^2), = ^(^0 + ^4 + ^5), T2 = n{93 +9^+ 9^) and T3 = ^{03 + 0^ + 02). 
Let also T = Max{To, Ti, T2, T3). Up to permuting the indices of 9 by acting through the group of 
symmetries of a 6j-symbol (the symmetries of a tetrahedron), we will suppose w.l.o.g that Qi < Qj 
if j < j. Let now 6" — (&q , 6", &2 j ^3 ) ^4 ) ^5 ) G f^; n e N be a sequence of admissible 6-tuples 
of half integers such that lim„^oo = 0i and let u e be the vector whose i*'' component is 
47r(6l, - i). The following holds: 

Theorem 3.9. There exists a unique Zq £ [T,min(2Tr, Qq)] satisfying : 

^ ^ sin{2n ~ zo)sin{Qi - zo)sin{Q2 - zo)sin{Q3 - zo) _ ^ 
sin{zo — To)sin(zQ — Ti)sin{zo — T2)sin{zo — T3) 

For sufficiently large n, the 6 j -symbol associated to 6" has a pole of order 1 in Qn = Exp{ '^^^^^ ), 
and the following holds: 

(4) lun —Log{\evM( Z In ll ))\) ^ Vol{D{u)) 

Proof of 3.9. Let us first note that by hypothesis tt < < 2tt, Vi and < Qj — Ti < tt, Vi, j. It is 
clear that g{x) > 0, Vx G (T, mm(27r, Qo)), that limx^T+ g{x) = 00 and lirax^min{Qo,27r)- g{x) = 
0. Hence, since g is continuous on {T,rain{QQ,2i:)), there exists zq S {T,min(2'K ,Qq)) such that 
g{z[)) = 1. Moreover, it holds: 

i—3 i—3 

g'{x) = -g{x){Y, Ctg{x - T,) + Ctg{Q, - x) + Ctg{2n ~ xj) 

i=0 1=1 

and, since Ctg{x — a) + Ctg{f3 — x) > 0, Va; G whenever < f3 — a < n, then g'{x) < 0, Va; S 

(r, mm(27r, Qo))- This implies that the solution zq is indeed unique. 

Let us now recall that the 6j-symbol associated to is the product of four A(6f,6",5)!) (for 
suitable choices of i,j and k) and of a sum of fractions whose numerator and denominator are 
quantum factorials. Moreover, for n big enough, Proposition 13.81 shows that each of the A's is the 
square root of a rational function having a pole of order 1 in q„ = Exp{ '^^^^^ ) and then the product 
of the four A's has a pole of order 2 in The same proposition proves that the asymptotical 
behavior of the product of the four A's is given by the summand V in the r.h.s of the formula in 
the statement. To simphfy the notation we set i?'/ = + + b'l + 6J, i?^ = 6[J + 5^ + 6^ + 
^3 = 6" + 64 + ^2 + bl , C/J = &'o' + + Vi , Ul' = + b1 + bl , = ¥i + 6? + , [/^' = V;^ + b1 + b'^ 
and let C/" = Max{Uo,Ui, 1/2,113). Observe that 6", J7" represent the integer counterpart 
respectively of the entries, the squares and the triangles of 0, and that Rf < i?" and C/f < ?7" if 
i < j. The remaining part of the 6j-symbol, let us call it E„, can be expressed as follows: 

(y^)-2(E.''?) 



,^„{^- t/o"}!{^- umz~ um^- umRi -^h^? -mR^ -^v- 



where z varies in the interval [C/", Rq] n N. Since by hypothesis tt < T and Qi — Tj < tt, for 
n big enough, it holds n <U"- and i?" — J7" < n, Hence, in particular, the argument of the 
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quantum factorials in the denominator are all contained in the open interval (0, n) D N. Moreover, 
for the same reasons, for n big enough, z + 1 > n, Vz G [U^\Rq]. This implies that, when we 
evaluate in qn = Exp (^'^^'^^ ), we get no zeros in the quantum factorials in the denominator and 
at least one in {z + 1}!; moreover, since by hypothesis T < 27r, then for n big enough, J7" < 2n 
and hence at least one of the summands has a zero of multiplicity exactly 1 at (7„. 

To summarize, for n large enough E„ has a zero of order 1 at g„, and so, the whole 6j-synibol 
has a pole of order 2 — 1 = 1 at 9,1. Hence, taking into account Proposition 13.81 we are left to 
compute: 

lim —Log{\eVn{^)\) 

To do it, let us first concentrate on the signs of the evaluation of the summands of I]„ in g„; we 
claim that they are constant. Indeed, since the argument of the denominator of each summand of 
T,n is less than n, its evaluation in is a positive real number. On contrast, if n < z + 1 < 2n, 
then evn{{-iy^^^) = {-iy{-iy+^-"{z + l-n}\ = {-l)^'^-'''>{z + l-n}l; if instead z + 1 > 2n 
then eVn{ ^^^^' ) = 0. Hence, to summarize, the sign of each of the summands composing ew„(^) 
is (-1)^-". 

Since the signs are constant, in order to estimate the above limit, we will find the maximal term 
of the sum. This term has ratio bigger than 1 with the two adjacent terms, it is straightforward 
to check that it corresponds to the solution of the equation: 

[z + im-zm-z][Ri^-z] 

"^[z-C/o"][z-C/r][z-C/2"][z-C/^f 
Setting y — TTz/n, this can be rewritten as: 

Sin{2'K — y — ^)Sin{'K^ — y)Sin{TT^ — y)Sin{TT^ — y) ^ 

Sin{y — TT^^)Sin{y — TT^^)Sin{y — ■K^^)Sin{y — t^-^) 

Arguing as for the first equation of the proof, we can prove that there exists a unique real j/„ 
solving the above equation and belonging to the interval (tt^, tt """'-"'^^'^""^'' ). Moreover, for n 
big enough — nzo\ < j and hence the maximal term is that corresponding the integer part of 
nzQ. 

By Lemma 13.71 each summand of S„, is of the form Exp{nF{x)) with: 

(5) F{x) = 2(A(27r-x>fA(gi-x>fA(Q2-a;>fA(Q3-a;>fA(a;-ro>fA(a;-ri)fA(a;-T2>fA(a;-r3)) 

where F[x) is defined on [T, mm(27r, Qi)] and attains its only maximum in zo- By Lemma 13.111 
we then conclude that Exp{nF{zo)) is the dominating summand of I]„. Then, summing up the 
contribution of the A's and using Proposition 13.81 we have that the left hand side of formula d] 
equals 

(6) F{zo) + v{eo, 9^02) + v{eo,ei, e^) + v{e^,Bi,e^) + v{e^,e^, e^) 

Note that the factor 2 in the definition of F{x) comes from the fact that in the statement of the 
Theorem the limit considered has a factor of — in front of the logarithm in contrast with the 
factor - used in Lemmas 13 . 71 and 13.111 on contrast, in the case of the summands coming from the 
A's , the factor 2 is annihilated by the square roots (compare with Proposition 13. 8|1 . 

Let us for the moment suppose that 9i > ^. Converting Formula ([6]) through the identity 
A(|-) = ^Im{Li2{Exp{\/ —\x))) , we obtain the double of the imaginary part of Murakamy-Yano's 
formula ^ applied to a tetrahedron whose angles are ai = 27r(6'i — i) with z = Exp{—y/—lzQ). 
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Figure 3. 



Indeed z = Exp{—^ 
simplifying on gets 

(7) 



-Izo) is a solution of Equation ([T]): replacing z — Exp{—\/—lx) into it and 



ax 



and so putting x = zq solves the above equation with fc = because zq is a maximum for 
2Im{U{e~^^,T)) = F{x). 

To conclude, let us remark that in our case the inequalities satisfied by 9 imply that the angles 
ai satisfy the hypotheses of Theorem 12.31 and so by Ushijima's Theorem 12.51 the value of ([6|) is 
2Vol{T(d)) = Vol{D{u)). 

If for some j it holds 6j < i and so aj < 0, consider the fundamental shadow link with 6 compo- 
nents depicted in Figure[3l It is known ([22]) that in a neighborhood of the complete structure, the 
space of hyperbolic structures on the link complement is an analytic complex manifold and that, 
fixing a meridian m^, j = 0, ... 5 on each cusp one can locally parametrize it around the complete 
structure by considering the logarithms Ui, z = ... 5 of the linear parts of the holonomies around 
TTii. Moreover, in this parametrization, the volume is a real analytic even function with respect to 
each Ui i.e. V{uo, . . . , Mi, . . . , u^) = V{uo, . . . , —Ui, . . . us), Vi. By Proposition 12. 8[ we just proved 
that, when ai are positive, the imaginary part of Murakamy-Yano's formula provides the volume of 
the hyperbolic structures such that the holonomies around the meridians of the link are conjugated 
to upper-triangular matrices whose eigenvalues are Exp{zt\/—lai). But then, being both V and 
the imaginary part of Murakamy-Yano's formula real analytic and being identical on the set of 
positive aj, then they coincide also when aj < 1. 3.9 

Remark 3.10. The analysis in the end of the proof of the preceding theorem is similar in spirit 
to what is done in Section 4.2 of [21], the main difference is that in our case the saddle point {zq 
in the proof) belongs to the summation interval so that saddle point method applies rigorously. It 
is also important to stress that in our case 9 is of hyperbolic type and this, through Theorem 12. 3( 
allows us to associate to it a truncated tetrahedron whose angles are ai — 2'K{9i — ■^); by contrast, 
Murakamy-Yano's analysis is inspired by the case of a proper (non truncated) tetrahedron and this 
would rather correspond to 9 of Reshetikhin-Turaev type. 

Lemma 3.11. Let f(x) : [a,b] — > be a continuous function whose maximum is attained in 
Xq € [a, b]. For each n G N and each i G [na, nb] D N, let a" = Exp{^f{i/n)). The following holds: 



lim -Log{ > 

n — >-oo Ti ' 
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Proof of 3.11. It is clear that ^^a^ < n{b — a)Exp{^f{xo)) and hence that 

limsup-io5( af) < /(xo) 

n— >-00 . r 

i£ [na,no\ 

For each e > there exists a <5 > 1 such that for each x € [|xo,(5xo], it holds f{x) > /(xq) — e. 
Now, it is evident that: 

ni6-l)Expi^{fixo)-e))< ^ a? < E < 

,n5xo]nN ie[na,nb]nN 

This easily impUes that: 

liminf -Log{ V ) > f{xo) - e 

n—^oo Jl ^ — ^ 

■is [na,nb] 



but since e was arbitrary, the thesis foUows. 3.11 



4. An application to the Volume Conjecture 

In this section we recall how to compute the colored Jones invariants of fundamental shadow 
links, this will clarify the meaning of the hyperbolic 6j-symbols. Then, we ask a question related to 
a possible generalization of the Volume Conjecture for links and answer it for all the fundamental 
shadow links. 

4.1. Recalls on Jones invariants of fundamental shadow links. In [5] we showed how to 
extend the definition of colored Jones invariants to the case of links in <S^ x S^>: in this case 
the resulting invariant has values in Q{q^). 

To be more explicit, we remind the reader that a shadow of a link L in a 3-manifold is a 
2-dimensional spine P of a 4-manifold W such that dW = N and P fl dW = dP ~ L. Given 
a shadow P of a pair {N,L) as above, and a half-integer coloring b of the components of L, one 
can compute the Reshetikhin-Turaev invariants of the 3-tuple {N, L, b) through state-sums on P 
similar to the state-sums for Turaev-Viro invariants of spines of 3- manifolds (see [25] , Chapter X 
for a general reference) . For each integer r > 2 one can define a set of "admissible states" (colorings 
of the 2-dimensional strata of P) extending the coloring of dP = L and assign a complex weight to 
each such state by evaluating in Exp{2T:i/r) a suitable rational function. The Reshetikhin-Turaev 
invariant of {N, L, b) of order r is the sum of these weights taken over all the admissible states. 

In [5], we showed that, when N is 5*^ or a connected sum of x S-^, for r big enough, the 
set of admissible states stabilizes to a finite set so that the Reshetikhin-Turaev invariants can be 
seen as evaluations of a single rational function depending only the three-tuple {N, L,b); we called 
this rational function the colored Jones invariant of the link and denoted it Jj^. In the particular 
case when N — and each component of L is colored by , our colored Jones invariant equals 
the standard colored non-normalized Jones polynomial. This explains why hyperbolic 6-tuples 
are relevant: while expressing the n*''-colored Jones polynomial of links through shadow state- 
sums, if one divides the admissible states by one gets, near each vertex of the shadow, a 
6-tuple of hyperbolic type (see Definition 13. 2p . It is worth remarking that our arguments cannot 
be generalized to more general N because the set of admissible states for Reshetikhin-Turaev 
invariants does not stabilize for r big enough. 

In the particular case of colored fundamental shadow links, one can give an explicit formula for 
the Jones invariants as follows: 
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Proposition 4.1. Let L = Li U . . . U Lr be a fundamental shadow link associated to a graph G 
with g vertices, and let b — V , i = 1, . . .r be half integer colors fixed on the components of L. The 
colored Jones polynomial of L associated to the coloring b is the following: 

i=g 



bail) bi{i) b2{i) 
biii) biii) bz(i) 



where i ranges over all the vertices of G, b^,{i) are the six colors of the strands of L passing near 
the i*^ vertex (so that bj{i) and bj-\.3{i) correspond to opposite strands), and a 6j-symbol is if its 
entries are not admissible in the sense of Definition \3.l[ 



Proof of 4.1. We limit ourselves to sketch the key-idea of the proof: we refer to [5] for the details. If 
L is a fundamental shadow link, one can find a shadow P of i in which each 2-dimensional stratum 
contains a component of dP = L. Moreover, P is a simple polyhedron and contains a codimension 
2 singularity per each vertex of the graph G used to describe L (see DefInition l2.6p . This forces the 
state-sum to be pretty simple since there is only one admissible state which extends the coloring 
of the boundary; the state-sum has only one addedum which is the product of 6j-symbols (one per 
each vertex of G) . 



4.1 



Remark 4.2. In the above discussion wc did not mention the fact that links need to be framed 
in order for the Jones invariants to be defined. We did not because of the following two reasons: 

• Changing the framing of a link changes its colored Jones invariants by multiplying it by a 
power of the variable, which, for the purposes of the study of the volume conjecture (and 
its versions) is not relevant. 

• If L is a fundamental shadow link, it has a canonical framing on it such that its Jones 
polynomial is exactly that of Proposition 14.11 

4.2. The Generalized Volume Conjecture. In [lOj, S. Gukov proposed the following general- 
ization of the Volume Conjecture for hyperbolic knots in S^: 

Conjecture 4.3. Let k be a hyperbolic knot in and let J'„_i (g) be the n*^ -colored Jones poly- 

2 

nomial of k normalized so that its value for the unknot is 1 (|n]J'„_i — J n-i ). There exists a 
neighborhood U o/ G M such that for each a e [/ n ((M \ Q) U 0) the following holds: 

lim ^-^^^^Log{\J'._^{e'^)\)^VoUk) 

n— »oo ri 2 

where Vola{k) is the volume of the (non- complete) hyperbolic structure on — k such that the 
holonomy around the meridian of k is conjugated to a matrix whose eigenvalues are e^'^'^^°-\ 

In the same paper the conjecture was proved for the Figure Eight knot; in [21] Murakamy and 
Yokota provided a more general conjecture and proved it for the case of torus knots; no other proofs 
are known to us at present. Remark that the above conjecture uses the deformation parameter 
in order to change the point where the Jones polynomials are to be evaluated. This causes, in 
particular, that it is hard to imagine how to extend the above conjecture for the case of links. To 
do this, we propose a different approach to the problem of deforming the evaluation and ask a 
question which is strictly related to Gukov's conjecture. 

Let us perform a small digression about the use of evn in the statement of the conjecture. If / 
and g are meromorphic functions, then ev^ifg) — eVxif)£Vx{g), hence if one restates the Volume 
Conjectures in terms of the evaluations ew„ he does no longer have to bother about the correct 
normalization for the Jones polynomials. Indeed all the normalizations used in the various forms of 
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the conjecture are of the form [rt]'^ (for suitable fixed k) and since hm„^oo Log{\eVn{['n]'')\) = 0, 
they are not relevant in the limit. As a consequence, using ew„, the volume conjecture makes sense 
even for split links and, for these, it is implied by the volume conjecture for their single components. 
It then become interesting to ask the following: 

Question 4.4. Let N be or a connected sum of copies of S'^ x and L CZ N be a link; for each 
n > 2, let Jn be its unnormalized rt*'* colored Jones polynomial. What is the asymptotical behavior 
of leading order in the Laurent series expansion of Jn{L) around Qn — Exp{ '^^^^^ ) ? Does it have 
any topological meaning? 

It is well known that if L is a knot in then the order is at least 1 for each n since J„ is 
divisible by [n]. More in general, one could expect the above limit to be related to the presence of 
essential spheres in the link complement; for instance, in [5], we proved that if L is a fundamental 
shadow link in ^k.S'^ x S"^, the leading order is 1 — /c for every n. 

We stop our digression and set the following: 

Definition 4.5. Let L C N = ^k<S'^ x S^>,k > be a hyperbolic link with r components 
Li, . . . Lr, and let m^, i = 1 . . . r be oriented meridians of L and let a g R''. We denote by {N\L)a 
the hyperbolic manifold obtained by equipping N \ L with the structure such that the holonomy 
around mi is conjugated to an upper triangular matrix whose eigenvalues are e*'^"^ . 

Question 4.6. Let L be a hyperbolic link as above. Is it true that there exists a neighborhood U 
of € such that for every a Cz U nW and for each sequence b" e N*", lim„^oo ^ — ^'^7 
following holds? 

lim —Log{\eVn{Jj;„)\) = Vol{{N \ L)a) 

n — >oc n 

(In the above espression, we denoted \ the vector whose entries are all \). 

I am indebted with Stavros Garoufalidis for the following argument showing that the answer to 
Question 14.61 is "no" if L is a knot in 5''^ . 

The symmetry principle for the normalized colored Jones polynomial states that if fc C S''^ is a 
knot, then for all n > m > it holds: 

Then, if one fixes a = p/m ~ 1 and lets N — np, K — 1/nm, N' = n\m — p\, it holds: 

Looking at the right hand side of the above equality, one sees that N'K = 1 — a ^ and as proved 
by Garoufalidis and Le (Theorem 4, 0, stated below in a simplified form), the following holds: 

Theorem 4.7. For every knot in there exists a compact neighborhood U 0/ G C such that 
/im„^oo</n(e^^*'*^") = ^^gLia) uniformly on s &U, where A(z) is the Alexander polynomial of the 
knot normalized so that A(z) = A{z~^) and A(l) — 1. 

Theorem 14.71 is a refinement of the Melvin-Morton-Rozansky Conjecture, and its proof uses in 
a crucial way the integrality properties of the cyclotomic function of a knot, developed by Habiro. 
Together with the above identity derived from the symmetry principle, it implies that Jn{g^'^^^ ^) 
is not exponentially growing. These arguments apply to the normalized Jones polynomial but, 
when the unnormalized form is considered, the correction is given by the polynomial factor [N] 
which cannot influence the asymptotical behavior, so the answer to Question l4.6l is "no" for knots 
in 
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On contrast, for other knotted objects (such as knots m ^kS'^ x S^, or knotted trivalent graphs) 
one does not have a symmetry principle, a Melvin-Morton-Rozansky Conjecture, nor a cyclotomic 
function with integrahty properties. Thus, the above arguments do not apply to these cases and 
there is no evident obstruction for a positive answer to Question 14.61 

Indeed, the following result shows that the answer is "yes" at least for all the fundamental 
shadow hnks (all of which live in #feS'^ x S^, k > 2). 

Theorem 4.8. The answer to Question \4-.6\ is "yes" for all the fundamental shadow links. More 
explicitly, let L ~ LiU . . .U Lr be a fundamental shadow link in N = #fc <S''^ x S^>; there exists 
a neighborhood U of Cz W such that for every a ^ U , and for every sequence 6" G such that 
lim„^oo 77 = ^~T^' following holds: 

lim ^Log{\ev„{J-,,^)\) = Vol{iN\L)a) 

n— >oo n 

Proof of 4.8. Let G be a 4-valent graph used to construct L containing g vertices. Let for each 
n G N, let 6"(z), j = 0, . . . ,5 i = I, . . . , g he the colors of the six strands passing through the i*^ 
vertex so that 6"(i) and fo"_^3(i) correspond to opposite strands around the vertex (see Figured]) 
and let also u{i) G R^, i — 1, . . . , g he the vector whose components are 

6"(i) 1 

u{t), = lim 47r(^^--), J -0,...5 

Remark that since by hypothesis 6" G N, the 6-tuples b"{i), j = 0, . . . ,5 i = 1, . . . , g always satisfy 
condition 2) of Definition 13. II moreover, for n large enough and a sufficiently near to G M*", they 
also satisfy condition 1). Now, by Proposition 14. li it holds: 

r 27r ^ 27r Jb^ii) b^{i) &^(i)V, 



J2Vol{D{u{i)))^Vol{{N\L)s) 



where the second equality follows from Theorem 13.91 and the last equality comes from the fact 
that the geometric structure of {N \ L)a is obtained by gluing the D(w(i))-blocks as explained in 
Proposition [in [48 
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